Let p ≥ 5 be a prime and E an elliptic curve without complex multiplication and let K ∞ = Q (E [p ∞ ]) be a pro-p Galois extension over a number field K. We consider X(E/K ∞ ), the Pontryagin dual of the p-Selmer group Sel p ∞ (E/K ∞ ). The size of this module is roughly measured by its rank τ over a p-adic Galois group algebra Λ(H), which has been studied in the past decade. We prove τ ≥ 2 for almost every elliptic curve under standard assumptions. We find that τ = 1 and j / ∈ Z is impossible, while τ = 1 and j ∈ Z can occur in at most 8 explicitly known elliptic curves. The rarity of τ = 1 was expected from Iwasawa theory, but the proof is essentially elementary.
Introduction
Let E be an elliptic curve defined over Q with good ordinary reduction at the prime p ≥ 5 and without complex multiplication. We denote by X(E/K ∞ ) the dual Selmer group of E over its associated p-division extension K ∞ := Q(E[p ∞ ]). The aim of this paper is to investigate the Λ(H)-rank of X(E/K ∞ ) under certain
Assumptions and definitions
In this section we describe some of our assumptions for a field K, prime p and elliptic curve E. We assume that E does not have complex multiplication. For CM curves, the theory is different and better understood.
For G, a pro-p group with p-adic Lie-group structure and no element of order p, we define its Iwasawa algebra as the inverse limit of p-adic group rings
where H varies over open normal subgroups of G. For a Λ(G)-module M, the standard definition of rank is
where K(G) is the skew field of fractions of Λ(G).
, and K be a Galois number field such that K ∞ /K is pro-p. Recall that by the Weil pairing, we have 2 E[p n ] = µ p n , the group of p n -th roots of unity as a Galois module. Therefore
cyc ) and Γ = Gal(K cyc /K). Let M(p) denote the p-primary torsion subgroup of a module M. Let M H (G) denote the category of finitely generated Λ(G) modules M such that M/M(p) is finitely generated over Λ(H). We make the following assumptions, which are traditional in non-commutative Iwasawa theory.
(I) p ≥ 5 (II) E/K has good ordinary reduction at all places above p
It is always conjectured that Assumptions (I)-(II) imply Assumption (IV) [4, Conjecture 5.1] . Equivalently, define Y (E/K ∞ ) = X(E/K ∞ )/X(E/K ∞ )(p), then Y (E/K ∞ ) should be finitely generated over Λ(H). This assumption also implies that X(E/K cyc ) is torsion over Λ(Γ) see [4, Lemma 5.3 ]. In the usual case when X(E/K cyc ) is finitely generated over Z p , X(E/K ∞ ) is torsion-free and finitely generated over Λ(H), in particular Y (E/K ∞ ) = X(E/K ∞ ).
The τ rank
A proposed analogue to λ in the non-commutative case is
(see, e.g. [3] , whose notation τ we follow). We state some earlier results on τ , originally stated with stronger assumptions, and show they are applicable assuming (I)-(IV). 
Theorem 3.1 (Howson). Suppose that Assumptions (I)-(IV) hold. Then
τ = rk Λ(H) Y (E/K ∞ ) = λ + s E/K cyc Proof.
Let rk
Sel p E/F = rk Zp X(E/F ) be the p-Selmer rank of E/F .
Proof. This follows from λ ≥ rk Proof. [6, Theorem 1.5] 
Proposition 3.4 ([13]). If then Assumptions (I)-(IV) for K imply the same for K
′ , and
Proof. (I) and (II) are obviously unchanged. (III) holds because G ′ is pro-p as a subgroup of G.
This means that we only need to determine τ (E/K) when K is minimal among fields satisfying (I)−(IV ), and then we can use the above formula. Therefore from now on we assume that K is minimal in this sense.
Remark.
Our minimal K will turn out to be same as the field K in [10] if there is a p-isogeny and
The quantitative meaning of τ is given by the following, Proposition 3.5 (Coates, Howson) .
. By Serre's theorem [19] there exists m such that
Proof. Take the sequence of subgroups H n = Gal(K ∞ /K cyc n ). These are p-adic Lie groups of dimension 3, and |H m : Therefore giving a lower bound to τ implies a lower bound for the growth of λ in the tower of division fields of E.
The parity of τ

Theorem 4.1. Suppose that Conditions (I)-(IV) hold for some Galois number field
Remark. Theorem 4.1 can be obtained as a consequence of Corollary 5.7 . in [3] for
We give a direct, somewhat simpler proof using Theorem 3.1, a case of the pparity conjecture and some lemmas about the field K. We will use these lemmas in subsequent sections as well. Proof. It is well known that good and split multiplicative reductions remain that way through field extensions so it is enough to prove the claim for K.
When K contains Q(E[p]), this is a classical result from [20] . Otherwise we have by Proposition 4.2 part (a) that Gal(K(E[p])/K) has order p.
For places lying above p our assumptions assure good reduction. Suppose for contradiction that E/K has additive reduction at some v not lying above p. Then [15, Theorem 1.13.] applies and rules out p-torsion for p > 3. This contradicts Proposition 4.2, so E/K is semistable.
Since splitting of a multiplicative reduction depends on solvability of x 2 + c 6 in the local residue field (where c 6 is computed from coefficients of E). This is unchanged in the degree p extension K(E[p])/K, so by [20] , bad reductions are already split in K. 
Proposition 4.4. (a) The local root number for a place v is
Proposition 4.5. There are finitely many primes in K cyc over any prime of K.
Then the decomposition subgroup of each prime has finite index, which must be a power of p. Since p is odd, each primes in K corresponds to an odd number of primes in K cyc .
Proposition 4.6. The p-parity conjecture applies for E/K i.e. (−1)
Proof. From Proposition 4.2 we have a p-torsion subgroup in E/K. There is a K-rational isogeny having this subgroup as kernel. Then we can apply Theorem 2 from [8] .
Substituting part (b) from Proposition 4.4 for the right side of Proposition 4.6, then using Propositions 4.5, we have
. This proves Theorem 4.1.
The parity of [K : Q]/2
Our goal in this section is to classify the elliptic curves E where [K : Q]/2 is odd. This is mostly based on classical results of Mazur and Serre [16, 19] . In fact, we roughly follow Serre's argument while also paying attention to parity of various subgroups. We retain Assumptions (I)-(III). Recall also that E is still assumed to be a non-CM curve defined over Q.
Note that we assumed in the beginning that K is minimal among fields satisfying Assumption (III). The parity of τ for other fields in the tower is the same (Proposition 3.4).
Inertia
In this section, denote
For a prime q ∈ Q, let D q denote its decomposition subgroup within G 0 , and let I q denote its subgroup of inertia within D q . (Note that D q and I q are, in general, defined only up to conjugacy in Gal(K/Q). However, they are unique if the extension is Abelian, which turns out to be the most interesting case.)
Recall that q splits into [G 0 : D q ] distinct prime ideals, and has ramification degree |I q |. I q is also a normal subgroup of D q with a cyclic quotient (isomorphic to the Galois group of an extension of finite fields). 
Non-split Cartan subgroups are as defined in Proposition 5.1. (Serre) . G satisfies at least one of these:
Proposition 5.2
a) G = GL 2 (F p ) b) G is contained in a Borel subgroup c) G is
contained in the normaliser of a split Cartan subgroup d) G is contained in the normaliser of non-split Cartan subgroup
Note that it can be easily computed (and Serre does so) that in cases a), c) and d), p does not divide |G|. Therefore . Suppose that p ∤ |G| for a group G < GL 2 (F p ). Let H be the quotient of G by the center of GL 2 (F p ). Then H, lying in P GL 2 (F p ), satisfies at least one of these: In case i), the Cartan subgroup containing G is either split or non-split. If it is split, then it is contained in a Borel subgroup. Otherwise I p must have been a nonsplit Cartan subgroup, which leads to 4 | |G|.
In case ii), by [19, Proposition 14] 
of H. Since it has order 2, the index 2 cyclic subgroup of H has even order hence 4 | |H| | |G|.
In case iii), it is enough to note that |A 4 |, |S 4 | and |A 5 | are all multiples of 4.
Restrictions on p
Whether G is contained in a Borel subgroup is equivalent to whether E/Q has an isogeny of degree p to some elliptic curve E ′ . Mazur's results [16] show that a non-CM curve E/Q can only have isogenies with prime degree for p ∈ {2, 3, 5, 7, 11, 13, 17, 37}
We exclude further primes with the following simple observation.
Proposition 5.6. Assume in addition to (I)-(III) that p ≡ 1 (mod 4). Then
With this and Assumption (I), we can exclude all primes but 7 and 11.
Inertia in the Borel case
Whether G is contained in a Borel subgroup is equivalent to whether E/Q has an isogeny of degree p. Borel subgroups can be written over a suitable basis as
We work in this basis from now on. Note that the Borel subgroup contains the unipotent subgroup (with 1s in the diagonal) as a normal subgroup of order p.
Recall that we chose K to be the minimal field over which K ∞ is a pro-p extension. Therefore K is contained in the fixed field of the unipotent subgroup of K. Then elements of G 0 (understood as cosets in G) will be written as
Note that by some abuse of terminology these have well-defined trace and determinant.
G 0 is isomorphic to a subgroup of F × p × F × p and is therefore Abelian. For a rational prime q, let I q be the inertia subgroup of Gal(K/Q) at q.
The isomorphism
implies that the action of Gal(K/Q) on µ p is given by the determinant on G 0 . The kernel of det is Gal(K/Q(µ p )).
p is a bijection since both have p − 1 elements (Prop. 5.1).
Therefore det : G 0 → F × p belongs to split exact sequence i.e.
Proposition 5.7. 2 ∤ [K :
Q]/2 is equivalent to p ≡ 3 (mod 4) and 2 ∤ |I q | for all rational primes q = p.
we are done, and otherwise
In the other direction, I q together generate all of Gal(K/Q(µ p )) (otherwise Q would have an unramified extension), so if each is odd then Gal(K/Q(µ p )) has odd exponent, therefore also odd order. Proof. E becomes semistable at q at the degree 2 extension Q q ( √ −c 6 ) where c 6 is a fixed polynomial of the coefficients of E (see [21] ).
Therefore, in particular, |I q | = 1 is equivalent to E being semistable at q. Serre states that since E obtains good reduction at q (its discrimant ∆ has q-valuation 0 (mod 12)) at a field extension with Galois group I q , |I q |v q (∆) ≡ 0 (mod 12), and if gcd(q, 12) = 1 then | I q |=
gcd(12,vq(∆))
. Note that by inspecting Serre's list of possibilites in points a 1 ), a 2 ) and a 3 ) of section 5.6. in [19] , the only odd possibilities for |I q | are 1 and 3.
Summarizing the above, we have the following.
Theorem 5.10. Suppose that Gal(Q (E [p]) /Q) is in a Borel subgroup. If it has
order not divisible by 4, the following conditions hold necessarily.
1) p ≡ 3 (mod 4)
2) For all primes q = p where E/Q has additive reduction, it has potentially good reduction and 4 | v q (∆).
These conditions are sufficient provided E/Q is semistable at 2 and 3, or it is otherwise known that |I 2 | and |I 3 | are odd.
Note that these properties can be checked quickly by a computer as long as it can factorise the discriminant.
Proposition 5.11. Suppose that E is an elliptic curve with a p-isogeny and |I
Proof. By [19, Proposition 21 ii)], one of
is an exact sequence of Galois modules. These imply that respectively one of
is an exact sequence as well.
Now we can rule out p = 11. The theorem above means that for all q = 11, |I q | is 1 or 3. The latter is impossible since I q is a subgroup of F × 11 × F × 11 but 3 ∤ 100. Then I q = 1 for all q = p and the proposition above implies the existence of an elliptic curve with rational 11-torsion. But there is no such curve by the work of Mazur [16] .
We set p = 7. A result of Greenberg, Rubin, Silverberg and Stoll (Theorem 3.6 in [10] 
Let ω denote the character Gal(K/Q) → F × p given by action on µ p . Then the characters χ ′ ,χ ′′ restricted to I p are ω a ′ and ω a ′′ respectively for some a ′ , a ′′ . From the determinant, ω a ′ +a ′′ = ω so one of a ′ and a ′′ must be even, hence the p-inertia part of a character has odd order. Since |I q | is odd for all primes q = p, one of χ ′ and χ ′′ has odd order. Changing E to its 7-isogeny pair E ′ interchanges χ ′ and χ ′′ so up to isogeny, we can assume that the order of χ ′ divides 3. Then we can adapt the theorem almost word by word, setting k = Q. 
defined as in [10, Theorem 3.6] , with an appropriate rational parameter t.
Remark. Here t determines the character χ ′ .
A lower bound for τ
In this section we establish τ ≥ 2 under Assumptions (I)-(IV) and the extra condition j(E) / ∈ Z. Recall that K is the minimal field satisfying Assumption (III). See Proposition 3.4 for other fields in the tower.
Note that j(E) /
∈ Z guarantees τ ≥ s E/K ≥ 1 as the denominator of j(E) will be divisible by some prime. Now suppose τ = 1, which is odd, therefore p = 7 and E has a 7-isogeny by the previous section.
7-torsion
Suppose |I q | = 1 for all primes q = 7, then by Proposition 5.11 E or its isogeny pair E ′ has rational 7-torsion. Let A ∈ {E, E ′ } be the curve with rational 7-torsion. Suppose for contradiction that E has good reduction at 2. Then its rational 7-torsion points map injectively to its reductionÃ over F 2 [21] . HenceÃ is an elliptic curve with at least 7 points over F 2 . But by the Hasse bound, an elliptic curve over a finite field F q of order q can have at most ( √ q + 1) 2 points and ( √ 2 + 1) 2 ≈ 5.82842712 < 7 which is a contradiction. A variant of the above argument is given in [19] .
Therefore A must have semistable bad (i.e. multiplicative) reduction at 2. Since the conductor of an elliptic curve is isogeny invariant, E also has multiplicative reduction at 2.
Over K = Q(µ 7 ), the prime 2 decomposes into 2 primes, and by Proposition 4.3 the reductions at these primes are all split multiplicative, which gives 2 ≤ s E/K ≤ τ . Note that from parity, we have in fact 3 ≤ τ . This is attained by the example given in [3] .
Additive reduction at q
If the above does not hold, there is some prime q = p with |I q | = 1. Let ℓ ∈ Q be a rational prime dividing the denominator of the j-invariant of E i.e. a prime where E has potentially multiplicative reduction. By Theorem 5.10 this is semistable multiplicative reduction and |I ℓ | = 1.
We show that ℓ must decompose in K. Suppose for contradiction that ℓ does not decompose i.e. its decomposition subgroup is all of G 0 . G 0 is then the quotient of the decomposition subgroup by I ℓ , and as such it should be cyclic. Recall that |I q | must be a nontrivial factor of |F
Therefore there will be at least 3 primes in K lying over ℓ. These will all have split multiplicative reduction by Proposition 4.3, hence 3 ≤ s E/K and our claim follows.
Integral j-invariant
Our main tool is the following well known theorem: Theorem 7.1. There is a p-isogeny between two elliptic curves E and E ′ if and only if (j(E), j(E ′ )) is a point on the curve X 0 (p).
Using Theorem 5.12, we can restrict to p = 7. Therefore we are looking for integral points on X 0 (7).
Integral points on X 0 (7)
X 0 (7) has genus 0, therefore it has a rational parametrisation (see, e.g. [12] 
Proof. Since the existence of a p-isogeny only depends on the j-invariant, E d also has a p-isogeny. E/Q and E d /Q are isomorphic over Q( √ d). E/Q( √ d) has good reduction at q, therefore so does E d /Q( √ d). Hence the minimal extension where E d obtains good reduction at q is a quadratic extension with ramification degree 2 at q. The claim follows from Proposition 5.8. Proof. Let E/Q be a curve with minimal conductor N E among elliptic curves with j-invariant j 0 and satisfying the conditions. Then by our previous results, E has a rational 7-isogeny. Let ∆ be the minimal discriminant of E/Q. If d is a square-free integer not dividing 7∆, then there is prime q = 7 dividing d where E has good reduction. Then by the above lemma, 2 | |I q | so by Proposition 5.7, 4 | [Q(E d [7] ) : Q].
Therefore all exceptional curves with j-invariant j 0 are twists of E by some square-free divisor of 7∆, of which there are finitely many.
Similarly, twists that change the conductor result in a larger conductor because we chose N E to be minimal. The twisted conductor is either 7
2 N E (since additive bad reduction appeared at p) or has a prime divisor q = 7 where E has good reduction. This implies a good reduction becomes potentially good additive after the twist, and we can invoke the lemma. Note that since p ≥ 5 the exponent of p in the conductor of any elliptic curve with integral j-invariant is 0 or 2.
Calculations
Together with the list of possible j-invariants, Proposition 7.4 provides a list of all curves that could have τ = 1. Using the SAGE [22] function EllipticCurve_from_j, we obtain a minimal conductor elliptic curve for each j-invariant involved. We take all curves with these conductors and also their −7-twists. Using Cremona's tables [7] , these are Label j-invariant Discriminant 1369b1 3 3 · 37 −37
